We present an approach to dynamic decoherence control of finite-temperature Bose-Einstein condensates in a double-well potential. Due to the many-body interactions the standard "echo" control method becomes less effective. The approach described here takes advantage of the interaction-induced change of the spectrum, to obtain the optimal rate of flips of the relative phase between maximally distinguishable collective states. This method is particularly useful for probing and diagnosing the decoherence dynamics.
I. INTRODUCTION
By contrast to the extensive study of decoherence and its control in simple open quantum systems, consisting of noninteracting qubits or even multilevel systems ͓1-3͔, little attention has been devoted to decoherence control in interacting many-body quantum systems. The basic aspects of decoherence control in such systems are not well understood. We here address this problem by focusing on a Bose-Einstein condensate ͑BEC͒ in a double-well potential ͓4͔. This setup can be realized experimentally ͓5͔, and in addition serves as a general model for systems describable by a two-mode Bose-Hubbard Hamiltonian: Josephson junctions, multiatom pseudospin states, or a BEC with Feshbach enhanced interactions of two Raman-coupled internal states ͓6͔. Our treatment provides a means of dynamically controlling both interaction-induced dephasing and thermal decoherence in such systems. Equally important is its ability to reconstruct the response spectrum of the thermal reservoir, by measuring the dephasing in the presence of controlled modulations.
The double-well BEC has been studied extensively ͓5,7-10͔. The many-body aspects of its dynamics have been investigated, including the loss of interwell coherence ͓5,8͔ and relative-number squeezing ͓11͔. Recently it was shown theoretically that its dephasing due to many-body interactions can be controlled by adding a strong noise term to the tunneling energy E J ͓12͔.
Here we present an approach to the dynamic control of decoherence in a finite-temperature double-well BEC. The two-mode approximation ͓4͔ is assumed, whereby the tunneling in the course of driving is weak enough to suppress occupation of the excited modes of each well. The doublewell BEC is embedded in a cloud of low temperature, yet thermal, atoms that collide with the BEC. We neglect the ejection of atoms by high-energy collisions, and focus on decoherence due to random energy shifts imposed by thermal collisions.
II. FORMULATION
Under these assumptions, the N-body system is governed by a two-site Bose-Hubbard Hamiltonian with a randomly fluctuating ͑thermal͒ intermode energy difference Ĥ r ,
In the time-independent Ĥ 0 , n i = â i † â i ͑i =1,2͒ is the bosonic-mode number operator, â i † , â i being the excitation and deexcitation operators, E J the tunneling energy, and E C the collisional energy. The analogy between this Hamiltonian and that of an N / 2 spin system ͓12͔ allows the use of angular-momentum operators ͑pseudospin
and L z = ͑n 1 − n 2 ͒ / 2. This also defines the normalized Bloch
The thermal reservoir induces a random ⌬E͑t͒ term in Ĥ r , assuming mainly elastic collisions with the background atoms ͓13-15͔. The action of such a stochastic Hamiltonian is adequately represented by nonMarkovian second-order master equations ͓3,15͔. The timecorrelation function of the distribution from which the noise term is randomly drawn, controls the reservoir's memory time. Thus, drawing a new random value at each time step of the calculation ͑subject to the time resolution of the simulation͒ results in a Markovian reservoir, while drawing a random value every t c ͑on ms scale͒ results in a non-Markov reservoir with ϳt c correlation time.
III. DECOHERENCE CONTROL IN A NONINTERACTING SYSTEM
We consider periodic modulations of Ĥ 0 as a means of controlling decoherence, initially focusing on driving of the tunneling energy E J . The noninteracting single-particle scenario is well described by the universal theory of decoherence control presented in ͓2͔. By rotating the basis of Eq. ͑1͒ we find that an analogy can be made to a system subject to bath induced decoherence with the Hamiltonian
We assume that the reservoir has a memory time t c , its correlation function being ⌽͑t͒ = Ae −t/t c . For sinusoidal driving of the tunneling energy at low frequency with amplitude E J , we find that in the interaction picture the decoherence rate is modified to
We have confirmed this result numerically for our system ͓solving exactly Eq. ͑1͒ while taking E C =0͔, finding a modified exponential decay rate due to the strong driving in the presence of non-Markovian thermal noise ͑Fig. 1͒. However, the strong driving of E J required for such control of noise is prohibitive in this system, as it could create excitations beyond the two-mode approximation. For Markovian noise the modulation is totally ineffective, again as expected from Eq. ͑2͒.
IV. MANY-BODY DEPHASING AND ITS CONTROL
We first address the control of the interaction-induced dephasing, without thermal decoherence. Due to the manybody interactions in Ĥ 0 , the dynamics is not restricted to the surface of the Bloch sphere, and the length of the Bloch vector varies, manifesting single-particle dephasing ͑eventu-ally recurring to its original value͒. To study coherence effects, we use the L x basis states ⌽ n ͑n =−N / 2, ... ,N / 2͒. In the absence of the interactions these states are equally separated in energy by E J . The interaction introduces a first-order correction to the energy of each state ͓see 
͑3͒
The largest energy shift is experienced by the middle ͑n =0͒ state, while the extremal states n = Ϯ N / 2 are shifted the least, similar to Dicke's superradiant states ͓16͔. Yet the correction to the energy difference between adjacent states,
2 , is increased for the extremal states ͑n Ӎ Ϯ N / 2͒ as compared to the middle states ͑n Ӎ 0͒. This contributes to the instability of the highest energy ͑n = N / 2͒ -phase state compared to the 0-phase ͑n =−N / 2͒ state, if the tunneling term −E J and the interaction term E C have opposite signs ͓Fig. 2͑b͒, ͓17͔͔. This -phase state, denoted as ͉0,͘ state in the multiatom coherent-state basis ͑defined below in Eq. ͑8͒͒, is chosen here as the initial state, thus allowing for the study of the decoherence and dephasing dynamics of this system ͓18͔. Since the unstable state carries an interwell phase, it is particularly useful for interferometric studies, hence the importance of its protection from decoherence.
We henceforth make the experimentally feasible assumption that the interactions are strong enough, such that the system is in the Josephson regime E C Շ E J / N 2 , but far from the Fock regime E C Շ E J ͓4͔. Specifically we choose E C =8E J / N 2 , which is the classical bifurcation point, and therefore enhances the dephasing and the difference between classical and quantum trajectories. Nevertheless the results in the paper hold for other values as well. In this regime spectrum ͑3͒ is so asymmetric as a function of n ͓Fig. 2͑a͔͒ that E J driving, resulting in rotation around the x axis of the Bloch sphere, is nonuniform ͓Fig. 4͑a͔͒, thereby complicating decoherence control. To remedy this, we present a control approach which takes advantage of the contrasting stability properties of the -͑n = N / 2͒ and 0-͑n =−N / 2͒ multiatom coherent states of the system. This control is based on pulsed flips of only the sign of E J , without modify- ͑Color online͒ ͑a͒ Energy ladder in the L x basis, and the effect of interactions in first-order perturbation theory. This is compared to the exact diagonalization shown in the gray-shaded area ͑for Ec =4E J / N 2 ͒. ͑b͒ Effective mean-field potential as a function of the relative phase ͓7͔. The green particle presents the system in the stable 0-phase state, while the red particle presents the system in the unstable -phase state.
ing its magnitude. Such a scheme ensures that the two-mode approximation holds. Although it is clear ͓2͔ that such a method would not prevent decoherence in the noninteracting case, in the presence of interactions it provides an effective control of dephasing of the unstable ͑n = N / 2͒ coherent state. Pulsed flips can be realized by modulating the energy difference between the BEC wells, such that each pulse has an area . This causes a rotation around the L z axis, resulting in an effective sign change of E J . Alternatively, E J sign flips can be realized by flipping the sign of the detuning in the Raman coupling of a two-component BEC.
In Fig. 3 we plot the total coherence as a function of time for different flip periods, i.e., time intervals between consecutive flips. In this simulation the flips are taken to have a finite duration, as in a realistic experiment. Therefore, during the pulse ͑which applies a -rotation around the z axis͒, the Bloch vector retains a length close to 1 but reaches S y = Ϯ 1, points at which S x = 0. The total coherence ͱ ͉͗L x ͉͘ 2 + ͉͗L y ͉͘ 2 captures the true quantum coherence of the system during the pulses, as opposed to the usual definition of coherence ͗L x ͘. Since Hamiltonian ͑1͒ does not include a term proportional to L y these two definitions of coherence have the same physical significance in our system. We have identified the optimal modulation period for this control of many-body dephasing effects to be ͑4 p / 2͒ −1 , where p = ͱ E J ͑E C +4E J / N 2 ͒ is the plasma frequency. This can be understood in a mean-field picture of the Josephson regime, wherein the system oscillates with a frequency of p ͑see below͒. Since our pulsed flips reverse the tunneling term in the Hamiltonian, but not the interaction term, the optimal period has to match 1/4 the plasma oscillation period. In a mean-field picture ͓Fig. 2͑b͔͒, the unstable -phase state is untrapped, while the stable 0-phase state experiences a nearly harmonic potential with frequency p ͓7͔. Thus, the flipping period is dictated by this oscillation period, such that the phase flips and the harmonic oscillation together create an optimal refocusing of the dynamics. Naively, it might be expected that faster modulation would result in better control of dephasing. However, extremely fast modulation flips the sign of tunneling energy in the propagator,
and thus averages out the tunneling term to 0, leaving only the interaction term. This results in the usual phase diffusion which is faster compared to the dynamics without modulation. The other extreme is given by modulation which is slow compared to all time scales in the system, whence the propagator simply yields the unmodulated dephasing. In between these extremes lies the optimal modulation period, i.e., the period that yields the strongest suppression of the manybody dephasing. This period can be estimated in the meanfield approximation to be ϳ / ͑2 p ͒, with p being the plasma frequency. This can be seen by expanding the meanfield propagator into equations of motion for the number difference n and the phase difference ,
͑5͒
Solving these equations for a flipping modulation of E J with a period of t 0 , and assuming ͑0͒ = , we substitute the approximate definition p Ӎ ͱ E J E C and find, at the k th period,
In order to maintain the coherence, i.e., the approximation that ϳ , the cosine term must vanish, since the hyperbolic cosine diverges. This requires t 0 = / ͑2 p ͒, as stated above, for which the mean-field dynamics rephase. Numerical simulations confirm the validity of this result for exact, manybody dynamics as well.
In Fig. 4͑a͒ we plot the trajectories of the system on the Bloch sphere, driven by regular mean-field dynamics ͑green diamonds͒ and under modulation ͑red circles͒ at the optimal period. The regular dynamics periodically approach the S z pole, at times dictated by the plasma frequency, causing the coherence to oscillate. The pulses at four times the plasma frequency effectively flip the Bloch vector along the S x axis. This is realizable by a rotation around the L z axis, preventing its rotation. As a result, coherence is better preserved as compared to the unmodulated dynamics ͑cf. Fig. 3͒ . Similar results are obtained by plotting the trajectories of the expectation value of the Bloch vector ͗S͘ due to the exact manybody dynamics ͓Fig. 4͑b͔͒, although here the loss of coherence is related to shrinkage of the Bloch vector ͑resulting in trajectories inside the Bloch sphere since the expecta- 3 . ͑Color online͒ Decay control using pulsed sign changes of E J , for different periods of the modulation, for E C =8E J / N 2 . The total atom number is N = 100. For extremely fast modulations ͑dashed blue line͒, the tunneling averages to zero, and the dynamics exhibit simple phase diffusion, as for E J = 0. The optimal modulation frequency is 4 p / 2 ͑see text͒. tion value of the Bloch vector decreases͒. The difference between the mean-field and exact dynamics is related to thechoice of the -coherent state as an initial state, which is close to the classical bifurcation point. A more detailed picture is given in Figs. 4͑c͒ and 4͑d͒ , in which we plot the Q representation of the system ͓19͔,
in the collective atomic coherent-state basis ͓19,20͔
where describes the number difference between the wells and describes the relative phase, without and with modulation, respectively.
V. THERMAL DECOHERENCE CONTROL
We now introduce a thermal reservoir which decoheres the condensate. To quantify the thermal fluctuations, we express the decoherence rate ͓21͔ by the effective L z decay coefficient ϰ a s 2 n NC v T , where a s is the scattering length, n NC is the density of noncondensed atoms, and v T is the thermal velocity. For a thermal cloud of Rubidium atoms at T Ӎ 100 nK, we get Ӎ 1 ϫ 10 −15 n NC Ӎ 10 Hz. Incorporating this value into our simulations, using realistic values from ͓4͔, can be done by comparing it to the intrinsic energy scale of our problem, namely the tunneling energy E J . This is then equivalent to choosing ⌬E from a random Gaussian distribution with a width of E J .
In Fig. 5 we compare the effect of our pulsed-flip decoherence control for different thermal reservoirs. We change the correlation time of the bath t c , while keeping fixed, and taking the period of the modulation to be the optimal period found above. To this end, we numerically solve many-body Schrödinger Eq. ͑1͒ with a fluctuating energy term. We find that this scheme provides decoherence control for both Markovian ͓Fig. 5͑a͔͒ and non-Markovian reservoirs ͓Fig. 5͑b͔͒. The effect of control is a manifestation of the different sensitivities of the 0-and -phase states. The shift in energies depicted in Fig. 2͑b͒ changes the couplings between the L x coherent states both for the interaction term that causes dephasing ͑L z 2 ͒ and for the thermal noise ͑L z ͒. Therefore, the pulsed-flip modulation reduces the thermal decoherence, along with the interaction-induced dephasing, down to the values characteristic of the 0-phase state. . ͑Color online͒ Bloch-sphere trajectories for the -oscillation dynamics ͑-phase initial state͒ with ͑green diamonds͒ and without ͑red circles͒ pulse control at the optimal period of 1 / 4f p , for E C =8E J / N 2 . The total atom number is N = 100, and the simulation lasts until
The flip is realized through a finite-duration rotation around the L z axis ͑as a result the bloch vector reaches S y = Ϯ 1 during these rotations͒. ͑a͒ Mean-field dynamics. ͑b͒ Exact many-body dynamics. The difference between many-body and mean-field dynamics stems from the vicinity of the initial state to the classical bifurcation point. ͑c͒ Q representation in the atomic coherent-state basis of the system without modulation at time t =4͓1 / 4f p ͔. ͑d͒ Same as ͑c͒ with optimal modulation. All parameters are as in Fig. 3 .
For non-Markovian reservoirs with long correlation times compared to the inverse plasma frequency, the modulation becomes more effective. We note that these results are consistent with the universal formula for dynamic control of decoherence in ͓22͔. In future work we intend to use this formulation to further study the decoherence dynamics and the possible control schemes for interacting systems. We now examine two specific scenarios in which our many-body coherence control scheme could be useful.
VI. INTERFEROMETRY
Our pulsed flips may be used to maintain the coherence of a coherent state with a relative phase close to , in an interferomtric setup. Modulation in a nonzero tunneling setup, keeps the standard deviation of the phase quadratures fluctuating between 0.4 and 0.6. This is compared to large fluctuations, between 0.2 and 0.8, for nonzero tunneling without modulation, and to a quick spread of the distribution for the zero-tunneling case, in which the standard deviation reaches 1. We therefore get an increase of fidelity of ϳ80% compared to the zero-tunneling case, and ϳ40% compared to the nonzero tunneling case.
VII. RECONSTRUCTION OF THE MANY-BODY RESERVOIR RESPONSE
From the general formula ͓1-3͔ for dynamic control of dephasing and non-Markovian decoherence, it is clear that by using a periodic modulation of the system, such that F͑͒ ϰ ␦͑ 0 ͒, we get a Fourier decomposition of G ͑͒, the response spectrum for the -state. In the absence of a thermal reservoir, or in the case that it is Markovian, and therefore spectrally featureless, the modulation affects the Hamiltonian dephasing due to interactions. Thus, this method allows a reconstruction of the many-body response by measuring the dephasing rate in the presence of controlled modulations at different periods.
In Fig. 6 we plot the coherence as a function of time, for different periods of modulation. This response features a broad peak centered at the characteristic system dynamics time of ͑4 p / 2͒ −1 Ӎ 0.9͓1 / E J ͔ ͑as discussed above͒. It indicates the insensitivity of this control scheme to variations in the pulse period and in the total number of particles N. We find that a high degree of coherence is obtained over a wide range of pulse periods and particle numbers, indicating the nontrivial robustness of this approach.
VIII. CONCLUSIONS
In this work we have studied a realistic scenario for the dynamic control of open many-body systems subject to both many-body dephasing and decoherence caused by a thermal bath. Our control scheme relies on the different couplings to the bath experienced by the high-and low-energy collective ͑Dicke-like͒ coherent states. Namely, the high-energy ͑-phase͒ state, which is most prone to dephasing and decoherence, is protected by flipping at an optimal rate between it and the low-energy ͑0-phase͒ state. The optimal rate for this flipping reveals the intrinsic time scale of the open manybody system, and can be used to probe its characteristic dynamics.
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We acknowledge the support of EC ͑MIDAS͒ and GIF. 5 . ͑Color online͒ Decay control using pulse flips, in the presence of thermal reservoirs with different correlation times, at a temperature of ϳ100 nK, which is approximately 1/3 of the chemical potential. The total atom number is N = 100. Decay is reduced for both a Markovian reservoir ͑a͒, and a non-Markovian reservoir ͑t c ϳ 15 ms ϳ1 / 4f p ͒ ͑b͒.
FIG. 6. ͑Color online͒ The coherence of the system as a function of time and as a function of the modulation period, without thermal noise, for E C =8E J / N 2 , N = 100. Such results constitute a Fourier decomposition of the many-body dynamics of the system. As such, the coherence displays a broad peak centered at the characteristic system dynamics time of ͑4 p / 2͒ −1 Ӎ 0.9͓1 / E J ͔. Inset: the dephasing rate as a function of the pulse period, calculated from the main figure using exponential fits to the dynamics.
